JOURNAL OF APPROXIMATION THEORY 14, 251-280 (1975)

Existence of Maximal Solutions

G. T. MCALLISTER

Center for the Application of Mathematics, Lehigh University,
Bethlehem, Pennsylvania 18015

AND

S. M. RoHDE

Engineering Mechanics Department, General Motors Research Laboratories,
Warren, Michigan 48090

Communicated by Oved Shisha

Let 2 be a plane bounded region. Let % = {u,(P):u(P) € L(£2), u, € H ((£2)
and a(P, #(PYuy, e + 2b(P, P'(P))”u.aw + (P, F(P))uu.w = f(P) for Pe £}; here
we are given a(P, X), b(P, X), c(P, X)€ Lo(£2 X EY), f(P)e L,(£2) with p > 2,
and our partial differential equation is uniformly elliptic. The functions p(P) are
called profiles. We establish sufficient conditions—which when they apply are
constructive—that there exist a p, € Loo(£2) such that "“n(P) > u,(P) for all
P e 2 and for each p € Lo(£2). Similar results are obtained for a difference equa-
tion and convergence is proved.

1. INTRODUCTION

Let Q2 be a region of the plane and let L, (£2) be the set of equivalence
classes of bounded measurable functions on £2. Let P = (x, y) be a generic
point of £2.

Let a(P, X), b(P, X), and c¢(P, X) be given functions which satisfy the
following condition:

(I) The functions a(P, X), b(P, X), and c(P, X) € C({2 x EY), where E"
is Euclidean n-space. Moreover, for every real (¢, £,) € E2 and for every
(P, X)e 2 x E1, there exist real positive and finite constants A, and A,—
which are independent of P, X, ¢; , £&,—such that

(a) Ao(glz + &%) < a(P, X) &2 + 2b(P, X) £,&, + (P, X) &2
< A2+ &)
and

®) A >26P,X)=0
for all Pe £ and for all X € E*.
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Let u(P)e L(£2). If (I) is satisfied, then there exists one and only one
u,(P) € H ,(£2) such that

a(P, i(P)) Uy 3z + 2b(P, p(P)) Uy 5y + (P, i P))y 0y = f(P), P,

1.n
u,(P) =0, PedQ,

when we assume that f(P)e L,(2) with p > 2; Talenti [9]. The partial
derivatives of 1,(P) are with respect to the components of P and the inclusion
of w in the notation u,(P) is to emphasize the dependence of a solution to (1.1)
on the values of u. The function p is called a profile and u, is called the
solution associated with the profile p.

The existence of a solution to (1.1)—as proved by Talenti—does not
require the condition I(b). However we will consider a difference equation
associated with (1.1) and for the methods of this paper to apply to that
discrete problem we must require I(b) so as to be assured that our difference
equation is antitone.

Suppose there exists an element p, € L(£2) such that, for each p € L (£2),

U, (P) = u,(P) (1.2)

for every P € 2. Then we call pu, a maximal profile and the solution associated
with pu, is called a maximal solution.

Our purpose in this paper is to establish sufficient conditions that (1.1)
has a maximal solution and that a discrete equation—as yet unspecified —
associated with (1.1) has a maximal solution. We will also derive conditions
for the convergence of the discrete maximal solutions to a solution of (1.2);
hence maximal solutions to the discrete problem will approximate a maximal
solution of (1.1).

The next requirement we impose on the principal coefficients of (1.1)
will allow us to restrict the profiles so that their range is in a fixed compact
subset:

(1) There exists two finite and distinct real numbers 4 and B such that
for each P € £ and for each X € E* there is an Y € [4, B] C E'-this interval
may be an open, half-open or closed interval —for which a(P, X) = a(P, Y),
b(P, X) = b(P, Y), and c(P, X) = c(P, Y).

This condition is satisfied if, for example, each of the three functions are
periodic functions of X but not necessarily of the same period.

Let 0 = {u(P): p(P)eL(2) and A < w(P) < B ae}, let % =
{u,: u, € HZ (£2) solves (1.1) and p € L(£2)} and let %, = {u,: n(P) € #° and
u, € H} () solves (1.1}. If the coefficients in (1.1) satisfy the conditions (T)
and (II)—but we do not need (b) here, then = %, . This is obviously true
if u(P) is a step-function on £2. Now the result follows since convergence a.c.
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of pn(P) € L(£2) to i(P) implies that u, converge strongly in H: () to u, .
Therefore our search for a maximal profile may be restricted to J#7°.

In order to obtain an existence theorem for a maximal solution—both for
(1.1) and our discrete equation associated with (1.1)—we must make a
further assumption on the behavior of the principal coefficients.

(TII) Let Pe 2. Then, for each of the eight possible combinations
of the terms max{a(P, Y): Ye[A4, B]} or min{a(P, Y): Ye[A4, B]}, and
max{b(P, Y): Ye[A, B]} or min{b(P, Y): Ye[A4, B}, and max{c(P, Y):
Ye[A4, B]} or min {c(P, Y): Y € [4, B]}, there exist an X € [4, B] such that
a(P, X), b(P, X), and c(P, X) assumes the corresponding value of the
particular combination; the interval [4, B] may be open, half-open or closed.
In this condition we are requiring that, for any Pe £, there exists an
X,€[A4, B] such that a(P, X,) = max{a(P, Y): Ye[A4, B}, b(P, Xy) =
max{b(P, Y): Ye[A4, B}, c(P, Xy) = max{c(P, Y): Ye[A, B]} and there
exists an X, €[4, B] such that a(P, X;) = a(P, X,), b(P, X,) = b(P, X,),
(P, X;) = min{c(P, Y): Ye [A4, B} and there exists X, e [4, B] such that
a(P, X,) = a(P, X,), b(P, X,) = min{b(P, Y): Ye[A, B}, c¢(P, X,) = c(P, X1),
etc.

If a(P, X) = 4 + cos X, b(P, X) = 0, and ¢(P, X) = 1, then condition (I11)
is satisfied with [4, B] = [0, =]. This is the smallest interval over which (I1I)
is satisfied but any finite interval containing {0, =] would do.

We will also prove the existence of maximal solutions, both for (1.1)
and a difference equation associated with it, when we replace (I1I) by the
condition (IV); we will assume that b(P, X) = 0 as it will simplify our
computations and the extension to the general case will be easy.

(V) Let a(P, X), c(P, X)e C*E") for each Pe . Then there exists
an interval [4, B]—which may be taken as open, half-open or closed interval
—such that the following conditions are satisfied:

(i) Foreach (P, X)e £ x [4, B), | &'(P, X)| + | ¢'(P, X)| > O;

(ii) for each P € £2 there exists X;, X,, X5, and X, in the interior
of the interval [4, B] such that a(P, X;) = max{a(P, Y): Y€ [A, B]},
a(P, X,) = min{a(P, Y): Ye[A4, B}, (P, X,) = max{c(P, Y): Y€ [A, B]},
and c(P, X,) = min{c(P, Y): Y €[4, B]};

(i) if, for X, Ye[A4, B], we have that &'(P, X)c'(P,X)a'(P, Y)
¢'(P,Y)#0and a'(P, X)c'(P, Y) = a'(P, Y)c'(P, X), then X = Y

(iv) if, for X, Ye[A4,B], a(P,X)=a(P,Y)=0, and a"(P, X)
a"(P,Y) > 0,then X = Y;

(v) if, for X,Ye[Ad, B], ¢'(P,X)=c(P,Y)=0, and ¢"(P, X)
¢"(P,Y)>=0,then X =Y,
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(vi) for each Pe (2 there is an 8 = 6(P) > O such that, for ail
Ae[—1,1]and X €[4, B].

| @'(P, X)c"(P, X + \8) — a"(P, X + A8) ¢'(P, )| > O.

The conditions (I), (II), and (IV) are satisfied if, for example, a(P, X) =
2 +sinX, (P, X)=0, and c¢(P, X) = 2 + cos X; here [4, B] = [0, 2w)
and, for each P e £, 6(P) is any element of (0, #/2). These functions do not
satisfy the condition (III). Hence, in some sense, the condition in (IV) is
complementary to the condition in (II1).

In conditions (II), (III), and (IV) we are not necessarily requiring that the
interval [4, B] be the smallest interval satisfying these conditions. Hence,
when we assume that (IT) and (III) or (IT) and (IV) are satisfied, we simply
seek a finite interval [A4, B] over which these conditions hold.

The methods of this paper require (III) or (1V). These conditions are both
general and restrictive. Since our methods—when they apply—are con-
structive, it is not unreasonable that the hypotheses are restrictive. However
we do believe—based on some computer experimentation—that our results
are valid under conditions much less confining than (III) or (1V).

Our motivation for the study of problems of this type —where the control
appears in the principal coefficients of the governing equation—is provided
by concrete engineering problems; e.g. certain optimization problems in
hydrodynamic lubrication and structural dynamics.

The first to develop the idea of a maximal solution was C. Pucci in [7].
In that paper he proved in an eloquent manner the following result: There
exists a triplet of functions (@(P), b(P), &¢(P)) € &£, = {(a(P), b(P), ¢(P)) € L(£)
with o | £ 2 < a(P) &2 + 2b(P) £6, + c(P) &2 < | € 1P = &2 + &F for
(&1, &) € E*} such that every solution u = u(a, b, c: P) € H2(2) of the
equation

au py + 2bu 4, + CUyy = 0, Pe 2,

u(P) = $(P), PcaQ,
with (a, b, ¢) € %, , is such that
u(@, b, ¢: P) > u(a, b, c: P)

for all P € 2 and for all (g, b, ¢) € £, . The methods of [7] are not constructive
and in our problem we are given a much more specific class of control
functions.

In Section 2 we assume that conditions (1), (I1), and (I1I) are satisfied and
that Q is a rectangular region. We associate with (1.2) a discrete problem
and derive sufficient conditions that a discrete maximal solution exist. When
these conditions are satisfied we obtain the discrete maximal solution by an
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iterative method. We also discuss a modification of the iterative method so
that the discrete profiles in the iteration converge. The condition in I(b) is
only to assure that the difference problem is antitone. We could allow for
the case that A, > 2| b(P, X)| but this would require a change in the
formulation of the mixed second order difference quotient depending on the
sign of b(P, X). The restriction that £ be a rectangular region is due to the
fact that our methods require an estimate on the discrete L,({2) norm of
second order difference quotients. These estimates were first derived in [6]
for rectangular regions and later in [3] for a circular region but using
unbalanced difference quotients. Additional comments on the dependence
on the geometry of {2 are given at the end of this section.

In Section 3 we show how our method for the discrete problem may be
extended to the problem in (1.2) when the governing equation is given by (1.1).
We then show that maximal solutions of our discrete problem converge to
a maximal solution of (1.2). The existence of a maximal solution for the
differential equation is over more general regions than rectangles because the
L,(£2) estimates on second order derivatives is well established.

In Section 4 we consider the discrete problem in Section 2 when the
conditions (I), (I), and (1V) are satisfied. The treatment of the differential
equation satisfying these conditions is not presented as it follows closely
the treatment in Section 3 with modifications given in Section 4.

In Section 5 two numerical examples are given.

It is possible that a given region £2 may be decomposed into two regions
such that (I11) is satisfied over one region and (IV) is satisfied over the
other region. Our methods may be modified so as to cover this case as well as
the presence of lower order terms in (1.1). It is also clear that what we say
about maximal solutions may also be said —with some slight changes—for
“minimal solutions.”

2. A DISCRETE PROBLEM WHEN (III) 1s SATISFIED

In this section we will establish criteria that a discrete problem associated
with (1.2) has a solution whenever the principal coefficients (i.e., the coeffi-
cients of the second order derivatives) satisfy the conditions in (1), (II),
and (III).

We assume that  is the rectangular region determined by the vertices
0, 0), (a, 0), (a, b), and (0, b). The extension to more general regions will be
discussed at the end of this section.

Place a square grid on the plane. If P = (x,y) is a grid point,
then the neighbors of P are the points P, = (x + A, y), P, = (x, y + h),
Py=(x—hy), Py=(x,y—h),and P; = (x + h,y + h). Let £2, be the
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set of mesh points P € £ such that all the neighbors of P are in 2 and let 82,
be the set of mesh points in £ with at least one neighbor in the exterior of £.
We assume—with no loss in generality—that # > 0 is so selected that the
282, is contained in the 09.

Let s;, i = 1,2, 3,4, be the sides of the 0£2 with s; on the line x = q,
s, on the line y = b, etc. Those mesh points on s; will be denoted by s¢,; .

Let 5#,° = {W(P): W(P) is defined on £ and 4 < W(P) < B for each
Pe,}); this is our space of admissible discrete profiles. The difference
problem we use to approximate (1.1) is

a(P, W(P)) Uys(P) + 2b(P, W(P)) U P) + c(P, W(P)) U,5(P)
= f(P), Pef,, @.1)
UP)=0, PecoQ,.

This equation is obtained from (1.1) by replacing u ,(P) by U, (P) =
{U(Py) + U(Py) = 2U(P)}/?, u,,(P) by U,5(P) = {U(Py) + U(P,) - 2U(P)} /2,
and u ,,(P) by U, (P) = {U(P;) — U(P,) — U(P,) + U(P)}/h2. Note that U,
denotes a forward difference quotient and U, denotes a backward difference
quotient.

In order to simplify our notation we define the operator

L(WV(P)] = a(P, W(P)) V,<(P) + 26(P, W(P)) V,(P)
+ (P, W(P)) V,5(P) (22)

where W is an arbitrary element of 3£,° and V is an arbitrary element of
&, = {V: V(P) is everywhere defined and finite on £,, and V(P) =0
for P e 8£2,}.

LEMMA 1. Let the principal coefficients satisfy the condition (1) and assume
that f(P) is finite for each P € 2, . Let W(P) be an element in J,°. Then there
exists one and only one element Uy, € o7, such that

WUy (P)] = f(P) (2.3)

Jfor all P € 2, . Moreover the operator L,(W)[V] is antitone for each W € #,?
and for Ve st ; ie., L(W)V] < 0 at each Pe 2, implies that V(P) = 0
at each Pc Q, .

Proof. The condition in (1) assures us that the matrix associated with
—Z(W)[V]is monotone. Our result now follows.

We remark that the existence and uniqueness part of Lemma 1 does not
require I(b) but that condition is necessary for the antitone property.

Observe that the notation for a solution to (2.3), Uy , carries with it the
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notation for the discrete profile which is used in the principal coefficients
of (2.1). In general, if two discrete profiles, W, and W, , differ at only one
point, then the corresponding solutions to (2.3), Uw, and UW2, will differ
at all points of ;.

If V(P)e o, , then || V|]? is defined as

I VIE=h ) VP)
Pen,
and || Vij; is defined as
[ V2 =l Vel 4+ 20 Vay [ + 11 Vs %
here || Vay Hg = h? Zﬂh’ | Va:y 2 with -Qh, = -Qh + Sws T Swa -

LEMMA 2. If the hypotheses of Lemma 1 are satisfied—but we do not
need (b) of condition (1), then, for each and every W € #,°,

[ Uwlla < 2A7 1L 1F/A" (2.5)
Moreover, for each and every W e 3,2,

max | Uy(P) < a2 | Uy, - (2.6)
€42

Proof. The result in (2.5) is proved in [4, p. 365] for our difference
approximation. Although (2.6) is also proved there we will give here an
easier derivation. Let P = (x, y) € 2, . Then

x—h a—h 1/2
| UW(P)‘ = ‘ h z UWa:('ys y) l < a1/2 (h Z i UWac('y’ y)]Z)
v=0 v=0

and
y—h b—h 1/2
Uiy ) = [ B Una 0| < 821 % | Ul )
x=0 k=0
Hence,
a—h
h Z I UWx('y’ y)|2 < bh2 Z ’ UWaw |2
»=0 2y

and the result follows.
The discrete problem associated with (1.3) is the following: Find an
element W, € 5, such that

Uw(P) = Uw(P)
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for each P € 2, and for every W € o#,°. We call W, a discrete maximal profile
and we call Uy, a discrete maximal solution. By our uniqueness result a
discrete maximal profile determines a discrete maximal solution.

LemMmA 3. If the principal coefficients of (2.1) satisfy the conditions in (1)
and (I1), then to every X(P)e{X: X(P) is defined and finite at each P c 2,}
there exists at least one W(P) € 54,° such that

Uw(P) = Ux(P)
forall Pe £, .

Proof. By condition (II), to every value of X(P) there exists a number
Ye[A4, B] such that a(P, Y) = a(P, X(P)) and b(P, Y) = b(P, X(P)) and
¢(P, Y) = c(P, X(P)). Now define W(P) = Y. Since this process does not
change the coeflicients, we get the same solution.

Let

S = {E(P): Ee sty and | £1 < 207 (1 11F/A.

We know that if a maximal solution exists, then it is in %, .
Let L; be an operator defined on %, as

LalV(P)] = Voe(P) + oV o(P) + V5(P), @7

where « € [0, 1) is some constant.
The next result follows easily.

LEMMA 4. Let o and vy be positive numbers with « € [0, 1) and assume the
conditions in (I) and (1N) are satisfied. Then for each ¢ € <4, and for each
W € 3,0 there exists a unique Z(P) = Z(&; W . P) such that

yLilZ(P)] = yLil§(P)] — Lu(W)IEP)] + f(P),  Peld,

(2.8)

the operator L, is antitone for each « € [0, 1). For each Q € £2,, there exists a
unique G(P; Q) such that L,[G(P; Q)] = —&(P; Q)/h* for Pc£2,,G(P; Q) =0
for P e 082, ; here 8(P; Q) = O unless P = Q whence 8(P; P) = 1. If G(P; Q)
is the discrete Green’s function for L, in (2.8), then

Z(&W:P)= —(/y) kY, G(P; OyLil&(Q@] — L(W)IEQ)] +f(Q()}- )
0en, 2.9

Moreover,

1Z iz < CHCPNEN -+ 1LFIF/Y,
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where
Co? = 8(1 + o/2)*/(1 — o/2)*
and
C, = max{| 1 — a(P, X)[y |, | a — 2b(P, X)/y |,
|1 —c(P, X)/y|:(P, X)e 82, X [4, B]}. (2.10)

Hence, if C2Q2C2MYA1 + 1/y%) < 2A2/A and £ € ¥, , then Z€ %,

Let Q be an element of £, and let £ € &, . Then define# (£: Q) =
{W: Weld, Bland yL,[§(Q)] - Z(W)[£(Q)] = min{yL,[£(Q)] - L X)IE(Q)]:
Xe[A,Bl}} and let #°(§) = {W: WeH? and, for each Qe ,,
W(Q)e #(¢£: Q)). Elements of #°(£) will be denoted by W(£: -) or W(£).

LemMa 5. If conditions (1) and (11) are staisfied by (2.1), then W' (£ : Q) =0
for every & € .o, and for every Q € Q, . Hence there exists at least one element
W,y € W (€) such that
Z(E Wy P) = Z(E W P)

for each P € £, and for each W e S0,

Proof. One need only observe that .Z,(X)[£] is a continuous function of
XeEL

Now we will study the behavior of Z = Z(§; Wy(€) : P) as a function of
£ € s, ; note that W(€) € #°(£). We will show that Z is a Lipschitz function
of £ € o,. To do this we must require that the principal coefficients satisfy
additional properties; these are contained in (III).

Let (€%, and let Q € £, . Suppose that £,..(0) > 0, £.,(0Q) < 0, and
£,5(0) > 0. Then, by (IIl), there exists an We #°(§: Q) such that
y —a(Q, W)= max{y — a(Q, X): X €[4, B}, ay — 2b(Q, W) = min{ay —
2b(Q, X): X €[4, Bl}, and y — ¢(Q, W) = max{y — ¢(Q, X): X €[4, B]}. If,
for some ne 'Mh H nmi(Q) = 0? nmy(Q) < 05 and nyj(Q) > Oa then W(f : Q) c
# (n : Q) but these sets need not be equal.

The next result is central to the development of this section.

LEMMA 6. Let the conditions in (1), (11), and (111) be satisfied. Then
Z(&; W\(€) : P) is a Lipschitz function of £ ¢ &, . In particular, if &, , & € o,
and if Z, = Z(&; Wy(€1) : P), Zy = Z(&, s Wy(é,) & P), then

I Zy — Zoli; < G2l & — & Iy (2.11)
where
G2 = 6C;2C%8
and
IIT,IE%’: | Zy — Zy | < min{a'?b'2C, , 3C,C} 1 € — & llas (2.12)

640/14[4-2
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where C3 = Cy(d, o) is a positive decreasing function of the diameter
d = (a® 4 b¥)'72 such that

max h* Y GHP; Q) < Gy (2.13)
€42

ey,

Proof. We prove the estimate in (2.11).

Let &, = &, + t(&, — &) with 7€ [0, 1]; note that £ = &, and &, = ¢, .
Let Z, = Z(€; ; Wy, : P), where Wy, € #'(£,); note that Wy, e #7(£5) = #(&).

If t € (0, 1], then, at each point of 2, ,

yLilZy — Z)) = yL[¢, — & 214

+A{L(Wo) — Lu(Woilée] + Lu(Wodl€: — &
and

'}’Lh[Zo - Zt] = )’Lh[fo — gt] (2-15)
+{ZL(Wor) — gh(WOO)}[ft] + gh(WOO)[ft — fo];
here

{L(Wo) — L Woli€:] = (a(P, Wol(P)) — a(P, Wy(P))) &z + .

Observe that (2.14) and (2.15) are completely interchangeable and they are
a result of algebraic grouping and assume no properties of W, or &, .

We will now partition £, . Let Q{)(¢) = {P: P € 2, and exactly i of the
expressions &,,5(P), &,(P), &,5(P) are zero}; note that &,(P) =
(1 — t) &opx + t10s > ete. For every £€ [0, 1],

3 .
Q=Y Q90
i=0

with Q) N 2(t) = 0 for i £ J.
Now we partition Q(¢). Let QXV() = {P: P Q(¢), £,,.:(P) = 0,
| €1a(P) €yg(P)] > O},

QA1) = (P: P e Q(1), £12(P) = 0, | £1us(P) £1y5(P)| > O},

and Q9(t) = {P: P Q0(t), £,5(P) = 0, | £1,4(P) £1(P)| > O}. For each
te[0, 1},

3

Q0 = Y, ),

i=1

where Qi+9(¢) N QLD(¢) = 0 for i +# J.
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Now we partition Q®(). Let Q@Y(t) = {P: P QP(t), £,,2(P) =
£el(P) = 0, ] £,5(P)] > O}, Q33(1) = {P: P e Q(t), £,,2(P) = &,,5(P) = 0,
I ftxu(P)[ > 0}’ and

QEI(1) = {P: P e Q2(t), £1(P) = E5(P) = 0, | £105(P)| > O}
For each ¢t € [0, 1},

3 .
Dy = Y, 20,
i=1

where Q39(2) N QE(t) = 0 for i +# j.
Let P € 2, . Then, for some i, P € 2"(0).
If i = 3, the identity in (2.14) implies that

yLilZ, — Z,] = ')’thfo - ft] + -g’h(Wot)[ft — &l (2.16)

for ail €0, 1]; all the second order difference quotients of &, are zero.
In this case #7(¢,: Q) = [A, B].

Suppose that i = 0. Then £y z(P) - £42y(P) - £4,5(P) # 0 and there exists
a largest positive number 7,(P) such that for all ¢ € [0, 7,(P)) we have that
£10x(P)  €10y(P) - £1y5(P) # O; this follows since &, is a linear function of ¢.
Let 7, = min{r(P): P € 2(0)}. Then 7, > O since 2"(0) has a finite
number of elements. Therefore, for all P e Q{"(0) and for all ¢ € [0, 7,), the
equation in (2.14) becomes

yLilZ, — Z] = )’Lh['fo — &1+ «fh(Wot)[ft - fo]§

this follows since the elements of #'(£, : P) are completely determined by the
algebraic sign of the difference quotients of £, evaluated at P.

Now we ask what happens at ¢t = r,. Here we have that, for some
P, e 29(0), f,om(}’o) “&r a(Po) * €,,,5(Po) = 0 and this is the first value of
t € [0, 7o(Py)) for which this happens. The algebraic sign of each second order
difference quotient of &,(P,) which does not vanish at ¢ = 7, remains of the
same algebraic sign for ¢t = 7, as for t << 7, . Hence the numerical value of
each principal coefficient of %, which corresponds to a nonvanishing second
order difference quotient of £,(P;) at t = 7, is the same as for t << 7.
Hence (2.15) implies that

vLilZy — Z.,) = yLaléo — &, + LWor)lé;, — &l

Now suppose that i = 1. Then exactly one of the difference quotients of
£(P) is zero. Suppose that P e Q81(0) with £y, (P) > 0 and &,5(P) < 0.
Then £,.:(P) = t£,,:(P) for all t € [0, 1]; say &,,:(P) > 0. Let 7;(P) be the
largest positive number in [0, 1] such that £, (P) > 0 and £,4(P) <O



262 MCALLISTER AND ROHDE

for all te[0, 7,(P)). Then Wy e #'(¢,: P) implies that a(P, W) =
max{a(P, X): X € [4, BY}, b(P, Wy;) = max{b(P, X): X €[4, B]}, and
(P, W,,) = min{c(P, X): X € [A4, B]} for all ¢ e [0, 71(P)).

Suppose, at ¢ = 7,(P), we have that f,um,(P) = 0 but §,nw(P) < 0. Then
alP, W, ) = a(P, W) and c(P, Wi ) = (P, Wy). Therefore

yLilZy — Z,) = yLil§ — &1 + LWolé: — &) (2.17)

for all ¢ € [0, 714(P)) and
yLi[Zy — Z, ] = yLiléy — £.,] + LW DIE, — &l (2.18)

Let 7, = min{ry;(P): P € 2{+(0)}. Then the identifies in (2.17) and (2.18)
hold for all P € Q{-V(0) and for all ¢ € [0, 7).

At this point we emphasize that there is no claim as to the continuity in ¢
of W, ; in general it is discontinuous in ¢.

In general, to each Pe Q{""(0), there corresponds the largest positive
number 7,,(P) € [0, 1] so that for all t€ [0, v,;(P)) we have Pe Q{(t).
Proceeding as above we see that (2.17) holds for ¢ € [0, 7,,(P)) and (2.18)
holds at t = 7,4(P). Set 7;; = min{r(P): P e Q&)(0)}.

Let t; = min{7,, min; ; 7;;}; clearly ¢, > O as there are only a finite number
of positive quantities 7, and 7;; . Then for all P € Q,

yLu[Zy — Z)) = yLyléy — & + LuWolé: — &l tel0, 1),

and
’}’Lh[Zo - Ztl] = '}’Lh[§0 - fzI] + gh(WOtl)[ftl - fo]-

Therefore, as in (2.5), for all # € [0, #]
1 Zo— Zills < G2l & — & ;-

Now we perform a similar analysis to show that there exists a 7, > #;
such that

Wz, — 2, I3 < Gt — t)* 11 & — & 3 (2.19)
for all r € [¢, , 2,]. In deriving (2.19) we use the equation
’)’Lh[zt1 —Z] = ')’Lh[ftl - ft] + {L(Wor) — gh(WOtl)}[gtl]

+ L(Wodl€: — &)
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instead of (2.14) and we use the equation

'J/Lh[zt1 —Z) = )’Lh[é:t, — & + {L(Wo) — Ll Wo:,)}[ft]

+ L(Wo )€ — €4]

instead of (2.15).

Continuing in this manner we obtain a set T = {f;: ie I and ¢, € [0, 1]},
where [ is some ordered index set such that 7, > ¢; for i > j.

Now we show that I has a finite number of elements. The value of a given ¢;
is determined when a point P leaves some set Q-7(¢) or 2(¢). But for
PeQ,— Q0 QO ={P:PecQ, and PeQ®(t) for all ][0, 1]}, each
second order difference quotient of £,(P) may vanish for at most one value
of t; if Pe P, then (2.16) holds for all e [0, 1]. Since £2, has a finite
number of elements, / must have a finite number of elements. Let
I={0,1,.,N+ 1} with , = 0 and ty,, = 1.

We have that

N

Zy— 27, = Z (ZtH_, - Zt,.)
i=0
and
N
| Zo = Zille < Y M Zy,, — Ze, s -
i=0
Therefore
N
| Zo— Zy Il < Cz(z Pl — 1 ]) & — & llg
i=0
since

ll ft,»ﬂ - ‘ft,”g =ltin—1 |2 & — 52”5 -

Hence the inequality in (2.11) follows.

The proof of (2.12) follows from earlier results and the representation
in (2.9).

At this point we wish to emphasize that if b = 0 on 2, X [4, B], then
a = 0 and the proof above would give no reference to &, . However,
even in this case, the estimate in (2.5) remains valid.

A point P € 2y, is semiplanar (or planar) relative to £ € %, if £,:(P) - £,.,(P)
£,5(P) =0 (0 £oP) = £,(P) = £,4(P) = 0). If b(P,X)=0 for all
X € [A4, B], then we would exclude any reference to £,,(P) in these definitions.

Our last result may be improved if we exclude semiplanar points.
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LemMA 7. If £ € &, and if no point if 2, is semiplanar relative to £, then
dZ(¢ + en, Wy + en) : P)/de exists at € = 0 with any n € 4, and

yLuldZ/[de] = yLaln] — L(W(£)In]
where dZ|de is the derivative evaluated at ¢ = 0.

Proof. In the absence of semi-planar points it is clear that Wy(€ + en : P)
is continuous at € = 0; i.e., Wo(é + en : P)e #'(€ : P) for € small.
Our next result will establish some essential elementary properties.

LemMA 8. (a) Let the hypotheses of Lemma 5 be satisfied and let W(P)
be an arbitrary element of H#,°. Then

ZWUw; W:P)=Up(P) and  Z(Uy; WUy): P) = Uy(P).

(b) Let the hypotheses of Lemma 6 be satisfied. Then Z(&; Wi(€) : P) =
E(P)e &, for all Pe R, if and only if £(P) solves (2.1) with discrete profile
Wo(€) and

E(P) = Ug(P)
for all P e £, and for each R € ,°.

(©) Ifé.e S, &, converges pointwise to &y € %, and Wy(€,) converges
pointwise to V, then Z(£, ; Wy(£,) : P) converges pointwise to Z(&,; V : P)
and V(P)e W (&, : P) for each P £2,, .

Proof. (a) This is an immediate consequence of the representation in
2.9).

(b) Suppose that Z(&; Wy(€) : P) = &(P) for each Pe 2,. Then we
clearly have that £(P) solves (2.1) with discrete profile Wy(£) and, because

—gh(R)[‘f] = —yh(Wo(g))[‘f] = _f: _gh(R)[UR]’
the assertion that £ is a discrete maximal solution follows from Lemma 1.

Suppose that U, is a maximal solution and that at some point of £, ,
say Py, V(Py)¢ W (Uy: Py). Let Y(P) = V(P) for all PeQ, — {P,} and
Y(P,) = WU, : P,). Then

—LNUy] < —LWNIUY] = —f = —ZL((Y)[Uy]

and U, < Uy. Therefore, either U, = U, for all Pe £, or else
Ve#w (Uy: Py).

(c) Suppose there exists P, € £2, such that
Z(&y; Vi Py) + € = Z(& s Wo&o) : Po)
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with € > 0. Let n be so large that Z(&,; V : P) = Z(&, ; Wo(£,) : P) + &(P)
and Z(&, ; Wy(&o) : P) = Z(&, ;s Wo(&,) : P) + €(P), where

max{| €(P)|, | e2(P)} < ¢/2 forall Pef2,.
Then

Z(&n s Wén) 1 Py) -+ e(Py) — ex(Py) +- € = Z(£, 5 Wo(&o) = Py)
with €(P;) — €(Py) + € > 0. Therefore,

Z(n s Won) 2 Po) < Z(En s Wo(&o) & Py);

this is a contradiction.

Our next result will establish existence and uniqueness of discrete maximal
solutions; we do not claim that a discrete maximal profile is unique.

THEOREM 1. (a) If the condition (1) is satisfied, then there exists at most
one discrete maximal solution.

(b) If the hypotheses of Lemma 6 are satisfied and if C, < 1, then there
exists a discrete maximal solution and this may be obtained in an iterative
manner starting with any element in &, .

(¢) If the hypotheses of Lemma 6 are satisfied and if Z(&; Wi(§) : PYe %,
for all £ € &, , then a discrete maximal solution exists.

(d) The existence or non-existence of a discrete maximal solution may
be determined by solving (2.1) for a finite number of profiles in 5£,° even though
that set contains an uncountably infinite number of elements.

Proof. (a) This is immediate.

(b) Let Z,(P) be any element of . Let Z(P) = Z(Z(n_y ;
Wo(Zn_p) : P): P) for n > 1. Then the sequence {Z,(P):n =1,2,.}
converges to one and only one element § € %, . Let V(P) be any accumulation
point of {Wy(Z, : P): n = 1, 2,...}; the existence of V(P) follows from the
Heine—Borel Theorem and the fact that £2, has finite cardinality. Then for
some subsequence, denoted by n’, we have that | Wy(Z, : P) — V(P)|
converges to zero as n’ goes to infinity for all P € 2, . Now apply Lemma 8
to conclude that {§(P) = U,(P) is the discrete maximal solution and V{(P) is
a discrete maximal profile.

(c) This follows from the Brouwer Fixed Point Theorem and Lemma 8.
(d) Let s = {V(P): Ves#® and, for each PeR,, a(P, V(P)),
b(P, V(P)) and c(P, V(P)) corresponds to one of the 8 possible combinations
in (II1)}. Then the cardinality of s is at most 8%, K the number of mesh
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points in £, , and, by Lemma 8(b), any discrete maximal solution must have
its discrete profile in ). Hence one computes each element in
{Uy: Ve sV}, this has cardinality of at most 8%, and one tests this finite set
to determine if there exists a V, € A4 such that

Uy (P) = Uwn(P)
for all P e 2, and for each Ve #P.

The condition C, < 1 is satisfied whenever | A; — A, | is sufficiently small;
a case often met in applied problems. If b(P, X) = 0 on £ X [4, B], « = 0,
A =1, and y = A, then C, <1 whenever |\, — A;] << 1/v6; the
requirement A; = 1 leads to no loss in generality.

Now we will make some general comments on discrete maximal profiles
and on their computation whenever the condition C, < 1 is satisfied.

Let P, € £2; be such that the algebraic sign of each of the terms Z,,,, ,:(Py),
Zna(Py), and Z,,,, 5(P;) remains unchanged for all “sufficiently large” n.
Then the numerical value of each of the terms a(P,, Wo(Z(, : Py)),
b(Py, Wo(Ziny : Py), and c(Py, Wo(Z(n : Py)) remains constant for all
“sufficiently large” n although the value of Wy(Z, : P,) which we selected
in #(Z, : P,) may fluctuate wildly with »n. Hence, in this case, a value of
V(P,)—a discrete maximal profile —may be determined in a finite number of
computations.

By “sufficiently large” n we mean that there exists an integer N
such that the difference quotients of Z(y)(P,) are large in comparison to
{(Zm — Zany)/h? | for all m > N; note that Z, converges as a geometric
series.

This analysis will be radically altered if some second order difference
quotient of Z,(P) converges to zero and algebraic signs are not maintained
as n increases. For example, suppose that Z,),,(P;) and Z,,,(P,) maintain
their algebraic sign for large n but Z ,,,.z(P1) * Z ,11,02(P1) < 0 for all large n
and Z,,,:(Py) — 0. Then {Wy(Z(,: P):n = 0,1,..} must have at least
two accumulation points unless a(P; , X) is a constant in X. One such point
will be a maximum of a(P, , X) and another such accumulation point will be
a minimum of a(P, , X). As there is no a priori way of excluding the occurrence
of such points P, (except for planar points-require | f(P)| > 0 over £2) we
shall modify our definition of Wy(Z, : P) in such a way that, for each
PeQ,, the new sequence of functions converges, as #n — 0, to a unique
limit and this limit is a discrete maximal profile.

Let Q9 = {P: P Q, and exactly i of the difference quotients of Z,(P)
do not maintain their algebraic sign as n — oo}; here i = 0, 1, 2, or 3. If
for example Z,,.:(Py) — 0 as n— oo in an oscillatory manner (i.e., for
every n there is an »n" >n such that Z, (Pg) " Z,.(Py) < 0) but
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Z(ya(Po) > 0 and Z,,,,5(Py) < 0 for all large n, then Py e Q. It is clear
that 2, = ¥, 2 with QO N Q% = 0 for i + j.

Now we are prepared to modify our definition of Wy(Z, : P); the
modified functions will be called W,(Z,, : P).

If PeQ®, we define Wy(Z(y : P) = Wo(Z(w : P). If PeQP, then set
W(Z,:P)=A. If PeQP + QY then W,(Z, : P) is a minimizing or
maximizing element of those coefficients in (2.9) for which the corresponding
difference quotients do not tend to zero; e.g., if Z,,,,:(Py) — 0 as n — o0 in
an oscillatory manner but Z,,,(Py) > 0 and Z ,,,(Py) < 0 for all suffi-
ciently large n, then W (Z, : P) is a minimizing value of c¢(P, X) and a
maximizing value for b(P, X). Basically W (Z, : P) ignores those principal
coefficients for which the corresponding difference quotients of Z,, tend
to zero.

Let M, (P) be the solution to the problem

YL Mw(P)] = yLilZw(P)] — LW Zw) : PHZw(P)] + f(P), Pel,
Muy(P) =0, PeoQ,.

Then our next result is easily proved.

COROLLARY 1. If the hypotheses of Theorem 1(b) are satisfied, then
My and Z(,) converge to the same element and the Wi(Z, : P) converges
to an element W,(P) which is a discrete maximal profile.

The restriction that £ be a rectangular region is a result of the difference
problem in (2.1) and the estimate in (2.5). Using a different difference
formulation we may extend the results of this section to more general regions
0 (e.g., 2 a disc) using results in [3].

3. THE DIFFERENTIAL EQUATION AND CONVERGENCE WITH (I1T)
In this section we will show that—under suitable hypotheses —the problem
in (1.2) has a solution and that solutions of the discrete problem converge to it.
Let z(¢; w : P) e HZ(£2) be the solution of the equation
yL[z] = yLI§] — LW)E] + f, (3.1
where y > 0, w e #°, £ € H} ((£2), and for any v € H, ((2)

L[U] = Uy + XU, gy + U yy
with « & [0, 1].
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LemMa 9. (a) Let the conditions in (1) and (11) be satisfied. Let w € H#°
and let ve HE () solve the equation L(W)[v] = fe L () with p > 2. If
f == 0 a.e. over 2, then v < 0 over L.

(b) If the conditions in (1), (11), and (111) are satisfied and if £ € H (£2),
then there exists wy(€ : P) € #° such that

2E w(é) 1 P) = z(E;w: P)
Jor each P € Q and for all w e H#°,

Proof. (a) This is an immediate consequence of results in Bers and
Nirenberg [1, pp. 154-156] and Talenti [9].

(b) The proof here proceeds as in Section 2 once we observe that
u € H; (L) implies that second order derivatives are finite almost everywhere
and hence wy(£ : P) is defined for a particular representative of £.

Let & be a positive number such that the set £2,, is not empty and 02, C Q.
Let h,,, n ranges over the nonnegative integers, be a monotone decreasing
sequence of real positive numbers tending to zero, with A, = 4, such that
.Qh" C .th and 89,1," C 04y, for each n and for all m > n; for brevity we let
Q, =8, .

Let 2, = Q, + S@s + Swa> Where Sey; = $a);, and let Py =
(%0, ¥0) €S2 Let N (Po) = {(x, ¥): %o < X < Xo + hn s Yo <Y < Yo + ha}
and 2, = | {#L(P): P 2,'}. Let n be given. Then for each and every P € Q
there exists one and only one P, e 2, such that Pe 4,(P,); in particular,
Q4+ 5s5-+5,=2,.

Let £ € Cy>(£2). Then we may reflect £ across the 0£2 so that the extended
function is infinitely differentiable over {(x,y): —hy < x < a + hy,
—hy <y < b+ hy}. Let fe C(Q). For each Pe 2, and for each u e #7
we let

Fu(&; p 2 P) = yLwl€(P)] — Ln(u(PHEP)] + f(P),

where L(,) = L, and %, = %, are defined as in Section 2. Now let
Ful&; o P) = Fy(&; 2 Po),
where P is an arbitrary element of £ and P, is the unique element of )’

such that P e A (P,).

LEMMA 10. (a) Let the conditions in (I), (I1), and (111) be satisfied with
€ C(Q). For each pe#; and for each £ € Co™(Q) let z, = z,(€; p: P)e
HZ () solve the equation

yLlz,] = F (& p: P) (3.2)
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Jor P € Q. Then there exists an wou(§ : P)€ 3, such that
Zn(fa W(m . P) > zn(§9 IJ' . P)
for all P e Q and for each p.€ #;_.
(b) If the hypotheses in (a) are satisfied and if &, , &, € Co*(£2), then
| Zin — Zon !g < szH & — & ”; > (3.3
where

212 = | {2 220+ ) dx

and Zin = Z'n(gi > wOn(éi) : P)far i= 1’ 2.

(¢) Let the conditions in (1), (I1), and (111) be satisfied with fe C(Q). If
£, € Co(Q) for i = 1,2, then z;, converges strongly to z; (z; is given in
Lemma 9(b)) in HZ () as n — oo and

|2y — 2y ’g < C22 | & — & ig . (3.4)
Moreover, for &, , &, € HE (), we have that
2y — 2z \2 < C22 1€ — & ‘% . (3.5)

(d) Each of the above results holds if f€ L, () withp > 2.

Proof. (a) and (b) are proved as in Section 2; note that
[ #x¢:PydP =2y F2¢: P).
Q 2,

(c) If £ e Cy™(£2), then second order difference quotients of ¢ converge
strongly in Ly(£2) to corresponding second order derivatives of £. Thus there
exists a subsequence of the » so that this convergence is convergence
a.e. Hence yL)[€] — Liny(Wen(E)E] -+ f converges almost everywhere to
yL[€] — L(w(£))[€] + f. This occurs even if wy,(€ : P) does not converge
to wy(€; P); see the discussion preceding Corollary 1. Therefore (3.4) is a
consequence of (3.3).

If ¢ € H} (), i = 1,2, then there exists sequences from C,*(£2) which
converge strongly in HZ ,(£2) to &, and the analysis of the preceding paragraph
remains valid. Therefore (3.5) is a consequence of (3.4).

(d If feL,, then we may find a sequence of elements from C({2)
which converge strongly to f in L,(£2). The associated solutions of (3.1)
converge strongly in HZ ,(£2) and our analysis extends to this more general
case.
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Let
S ={(:€eHyo(8) and | €15 <207 [ 1PA1,
where

fr= | frap.

Our next result establishes existence and uniqueness for the problem in
(1.2); its proof follows closely that of Section 2.

THEOREM 2. (a) Let the conditions (1), (I1), and (11I) be satisfied. If there
exists & € F such that z(§; w(€) : P) = &(P) for P 82, then

§(P) = u(P)

Jor all P € Q and for each v € H#°.

(b) If (), (1), and (I11) are satisfied and if C, << 1, then the problem in
(1.2) has a unique maximal solution.

Now we will prove the convergence of the discrete maximal solutions to
the solution of (1.2). The basic idea of the proof is that step functions are
dense in s and solutions of (1.1) converge strongly in H; ((£2) whenever the
coefficients converge a.e.

Our proof of this result will be greatly simplified if we require that (I') be
satisfied; i.e., (I) holds and, for all (P, X) € Q2 x EY, a(P, X) = a,(P) + ay(X),
b(P, X) = by(P) + by(X), c(P, X) = ¢;(P) + c(X).

Let n be given and let &, = {v(P): v € L. (), v is constant on each A,(P)
for each P e 2,'}; each element of this set is a step function.

We will now establish sufficient conditions that the problem in (1.2) has a
solution over &, = &, N #° for each n.

THEOREM 3. If the conditions in (1'), (I1), and (111) are satisfied with
C, << 1, then, for each n > 0, there exists an v, € &, such that
uy (P) = u,(P) (3.6)
for every P e  and for each v € &,; this maximal solution is unique.
Proof. For every ve&,’ and for every £ € & we define the function
#(&;v: P)e Hy (82) such that yL[Z] = yL[¢] — L(v)[£] + f. We may write
& v P)= —(l/y) fg G(P; ONYLIE(Q)] — LW(Q)IE(Q)] + f(Q)} dQ

==/ X f N 9(P; Q){yLI§] — L&) + f} dQ;

Ren, " A'n
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here %(P; Q) is the Green’s function for the operator L over £2. Let
wo(€ : R) € [4, B] be such that

- f,, ® G(P; QNyLIE(Q)] — L(w(€ : R)IEQ)] + f(Q)} dQ

n

> — Lﬁ ® Y(P; O)yLIEQ)] — L((RYIEQ] + (@} (BT

for all »(R) € [A4, B] and set wy(€ : Q) = wy(€ : R) for all Q € A,(R). A slight
modification of the methods of Section 2 will allow us to prove that
#& 5 w6) : PY — #&5 s woéD) t Ps < G L& — & 13

The resuit now follows.
Let n be fixed and let m > n. For each Re 2, let

Ro(R) = No(R) O\ 2, .
Let

2&V:P)=—(fy) Y h? Y GP; QL E] — Lm(V)IE] + f}
ReR,’ 0eR,,(R) (3.8)
for each £ e Sﬁhm and Ved,’ . We define W) as in (3.7).
The next result, which may be proved as in Section 2, asserts that there

exists a discrete maximal solution over &,’; note that when n = m we have
the results in Theorem 1.

THEOREM 4. Let the conditions in (I), (1), and (111) be satisfied with
Cy, < 1. Then, for each m > 0, there exists a unique &€ %,m such that
2 Wy(é) : P) = &(P) and

&(P) = Uy(P) (3.9)
Jor each P e £2,, and for each V€ &,

We will now prove that solutions of (3.9) converge to solutions of (3.6)
as m goes to infinity; here # is fixed but arbitrary.

Let o = 0 (note that this affects the value of C,), let G,.(P; Q) be the
discrete Green’s function for L,y over £2,,, and let (P; Q) be the Green’s
function for L over £2. We will now prove that

lim hy? ¥ Gu2P; Q) = [ %%P; Q) dP,
m-o 2]

PeQ2,,

when 2 = (0, 1) x (0, 1).
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From references in [2, pp. 314-318) we know that
| Gl P; Q) — 9(P; Q)| < (2.15) h*[8%,
where 6, is the distance from P to Q and (P, Q) € 2 x £2. Let
K(Q) ={P:Pef,, 8,0 > M3
Then, for P, € K,,(Q),

[ #PiQdP=[  GuAPiQ)dP+0GEY  (3.10)
A Py) N (Py)

and, for every P € A4,,(P,),

GulP; ) — Gu(Po3 ©) = | Gi(Rs Q) dR, (3.11)

where the integration in (3.11) is along lines connecting P, to P with no line
segment intersecting K,(Q) and G,,;)(R; Q) denotes a first order directional
derivative of G,, with respect to R. It is easy to prove —with a modification of
the methods in [5]—that there exists a constant H > 0, which is independent
of h,, , such that

| Gnay)(R; Q) < Hfdgo -

For Re K,(Q), we have 1/8zo < 1/hX% Also for Pe A, (P,) we have
| P — Py | < h,, v2. Hence

Gu(P; Q) = GulPy; Q) + OUD).
Therefore,
G2 (P; Q) = Gu(Py ; Q) + 0(hy) (3.12)

where 0(h,,) — 0 uniformly in P, as m — oo; e.g., see [1, p. 585] of [5].
Combining (3.10) and (3.12) gives

[ GuP; Q) dP = hy2G(Py 5 Q) + 6hm) .
N Py}

If K,'(Q) = {P: Pe, 850 < h42) and 2,(0) = 2, — Kn(O),
I Y Gu(P; 0) — [ #%(P; 0) dP—0
as m — oo since

f _ 9(P;Q)dP—0, R Y G.XP; Q)0

K, (O 2,00
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Therefore, we have proved that G,(P; Q) converges strongly in L,(£2) to
Z(P; Q). The above result holds with minor modification for general
rectangular regions £2.

Let U, (P) be the discrete maximal solution in (3.9) and let Wy,,)(P) be
a discrete maximal profile; we still have o = 0.

From Stummel [7] there exists a subsequence of the m, say m’, such that
for every bounded and continuous a.e. function ¢, (i = 1, 2, 3) which has
compact support on the plane there exists u, € HZ ((£2) such that each of the
terms

hg@' Z ¢1U(m’)m£ P h?n' Z ¢2U(m')wy s h?n’ Z ¢3U(m')yj (313)
D’ 2, 2,
converges to the respective term
f b1ty 0z AP, f $atto,zy AP, f $3tig,yy AP
2 2 2

Using the Hejne-Borel Theorem we know that there exists an wye &,
such that Wy, converges a.e. to w, for some further subsequence, say m”,
of the m’. Note that over each .#,(P) the function W, must be constant
for all sufficiently large m”.

In (3.13) let d’l = a(P, Wo(m")) G(P; 0), ¢2 = 2b(P, Wo(m”)) Gu(P; Q) and
b3 = (P, Wotmn) G{(P; Q) for some fixed k. Since the G(P; Q) converge
strongly to 9(P; Q), |h.®> G2 —h.Y G2| < e for any ¢ >0 and
for all m > k and for k sufficiently large. Therefore, for any € > O there
exists k, such that for all & > k, and for all m > k, we have

U(m) = hm Z Gm']m = hm z Gyl + hm Z (Gm - Gk) I

- fg GoJ dQ + O(e) = fg GJ dQ + 0(e), (3.14)

where

I = Len[Um] — Loy Wotm U] + f
and
J = Lluy] — L(wo)lue] + 1.

It is not difficult to see—using (3.13)—that u, solves the Eq. (1.1) with
profile w, . Therefore (3.14) proves the pointwise convergence of U, to u, .
In fact we have proved that, for each v € &,,’, the solutions U, of the difference
equation converge to the solution u, of the differential equation.

Suppose u, € HZ () is not maximal. Then there exists v € &,” and Py e 2
such that

u(Po) > ug(Py);
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in fact, this inequality is valid in some neighborhood of P, . Therefore, if A,,
is sufficiently small, this contradicts the fact that Uy, is maximal,
We have proved the following result.

THEOREM 5. If the hypotheses of Theorem 4 are satisfied with « = 0 and
fe C(Q), then the discrete maximal solutions of (3.9) converge (weakly in
H? () and pointwise) to the maximal solution in (3.6).

Let w, be a maximal profile of Theorem 2 and let w, be a particular element
from the equivalence class determined by w, . Let w, € &, be such that for
each P,c 2, and for all Pe 4,(P,) we have w,(P) = wy(P*) with P* an
arbitrary but fixed element of .47,(P;). Then w, converges a.e. to w, and Uy,
converges strongly in Hj ((£2) (hence uniformly) to Uy, 88 N — 0. Therefore
for any e > O there is a sufficiently large » such that

0 < uy, — ty, <€
for all P e £2. Hence,
0 < vy, — ty, + ty, — ty, < €

with U, a maximal solution over &,’, Uy, — Uy =0, and Uy, — Uy = 0.
Thus solutions of (3.6) come arbitrarily close to maximal solutions over 9,
We have proved our final result.

THEOREM 6. If the hypotheses of Theorem 4 are satisfied with o = 0 and
fe C(82), then the discrete maximal solutions over 3,° converge pointwise
to maximal solutions over H#7°.

4, THE DIFFERENCE EQUATION WITH (IV)

In this section we will indicate how the methods of Section 2 may be
modified when the principal coefficients in (2.1) satisfy the conditions in (I),
(II), and (IV).

We assume that b(P, X) = 0 for all (P, X) € 2 x E?; this will simplify our
computations without an intrinsic restriction of our results. We assume also
that 2 is a rectangular domain.

Let («, v) € E? and define

Flo, vy : X) = a(P, X)a + c(P, X)y 4.1)
for X € E%,
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LeMMmA 11, If the conditions (1) and (11) are satisfied, then for each
(o, y) € E? there exists Wy(w, y) € [A, B] such that

F(OLD 7 WO(aa ’}’)) = I)T(leaE)l( F(O‘, Y: X) (42)

Proof. This follows the reasoning of Lemma 3 and Lemma 5.
In the next result we show that (IV) implies the regularity of Wy(x, ).

LEMMA 12. If the conditions (1), (11), and (1V) are satisfied, then
Wy(a, v) € CI(E?* — {0, 0}).

Proof. let a-y %0, Wy = Wya, y), and W, = Wy(o + €, y). Then,
by (I'V)(ii),
0 = 0F(a, y : Wy)JeX = a'(P, Wya + c'(P, W)y 4.3)
and

0 - 8F(OL + €Y : W()s)/aX = a,(P: WOE)(O‘ + €) + CI(P: WOe)’}" (44)

From condition (IV)(i) we know that not both a'(P, W,) and ¢'(P, W)
may vanish. Let us assume that a'(P, W) - ¢'(P, W,) + 0. Note that if
a'(P, Wy) - '(P, Wy) = 0, then « -y = 0; this contradicts our assumption
that o -y 5 0.

From (4.3),

y = —ad (P, Wy)/c'(P, Wy). 4.5)

Substituting (4.5) into (4.4) gives
a'(P, Wy) (P, Wol(a + €) — (P, Wy) a'(P, Wy)a = 0. (4.6)
We rewrite (4.6)—using Taylor’s Theorem—as
AWy — W K(P) = —ec'(P, W,) a'(P, W), 4.7)
where
K(P) = fo (P, W) (P, Wy + (W, — W)
— (P, Wy) (P, Wy + t(W,. — Wp))} dt. 4.8)
Hence, for some ¢, € [0, 1],

K(P) = c'(P, Wo) a"(P, Wy + to(Wye — W)
- d'(P, WO) C”(P’ WO + tO(WOE - WO))

From (4.7) we claim that W, is continuous in € at ¢ = 0.

640/14/4-3



276 MCALLISTER AND ROHDE

To see this we observe that the right-hand side of (4.7) tends to zero
independent of the behavior of W, . Clearly, if K(P) is bounded away from
zero as € — 0 our result is established. Assume that W, is not continuous
at e = 0. Then for some subsequence of ¢ we may assume that the algebraic
sign of W,. — W, is constant and, for some fixed p >0, | W,, — W, | —
# > 0 as € — 0. Now the condition (IV)(vi) implies a contradiction to the
assertion that | W, — W, | — p > 0. Therefore, Wy(o + €, v) = Wy(a, y)
as € — (. By the same methods we have that Wa, y + ) — Wy(x, y) as
n — 0.

Now we prove that Wy(a + €, y + n) — Wy, y) as (e, ) — (0, 0). As in
(4.3) we have that ¢;,'(« +¢€) +¢/(y + 1) = 0 = d'a + ¢y, where a,/ =
a'(P, Woa -+ €,y + 1)), a = a'(P, Wy(a, 3)), etc. Hence ¢/'a’ — a)'c
approaches zero as (e, 7) — (0, 0). By (iii) of (IV) all accumulation points of
Wo(a -+ €,y + m) are equal; note that @' - ¢,” = 0 for small (e, n) since
(o« + €,y + ) is in the same quadrant as («, y).

From (4.7) and the continuity of W, we conclude that

aM/O(o" ’)/) — cl(Pv WO) a,(Ps WO) (4 9)
du ol (P, W) ’ )
where
L(P, W) = ¢'(P, Wp)a"(P, W,) — a'(P, W) ¢"(P, W,)
with | L(P, Wy)| > 0.
A similar analysis will show that
aWO(av )’) — {a,(Pa I/VO)}2
o yL(P, W)
and
Wy) _ (P W)a(P Wy _ —(CBWR 0
dy yL(P, Wy) al(P, Wy) o

Consider the case that « - ¢ = 0 but o + y% > 0; suppose « = 0. Then,
by (IV)(ii) and (4.3), ¢'(P, W,) = 0 and the equation in (4.4) becomes

(P, Wa)e + c'(P, W)y — 0.
Hence
d(P, WIc'(P, Wo) — ¢'(P, Wly = —ed'(P, W) a'(P, Wy)
or
Y Woe — W) fol a' (P, Wy) ¢"(P, tWoy, + (1 — 1) W) dr

= —ea'(P, W) a'(P, Wy).
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By methods already developed we show that W, is continuous along lines
parallel to the coordinate axes and we use (iv) and (v) of (IV) to show that W,
is continuous and continuously differentiable in a neighborhood —relative
to E%2 — {(0, 0)} —of the coordinate axes.

The result is established.

For each £ € o7, and for each V € 5,° let Z = Z(&; V . P) be the solution
(Lemma 4) of the problem

th[Z] - th[él - =?h(l/)[gl +f7 Pe Qh s

4.11)
Z =0, PeoQ, .

Then from (4.2) and Lemma 5, with W, = Wy(£,:, €,5: P) = W(§),

Z(E Wy P) = Z(E VL P)

for all P e 2, and for fall V e 54,2
In our next result we will show that Z(§; W, : P)is a Lipschitz function of
Eed),.

LeMMA 13, Ifthe conditions in (1), (11), and (1V) are satisfied, if &, , &, € 4,
with Z, = Z(&,; Wo(€) : P) and Z, = Z(&, 5 W(&,) : P), then

12y — Z,15 < Gl & — &l

with C,? given in Lemma 6.

Proof. For each &, &est let & =165 +0 —0)&, Wy =
Wi€inz » €5 P)and Z, = Z(§,; Wy, : P).

If P € £2,, is such that it is not semiplanar with respect to £, for all ¢ € [0, 1,),
then the derivative of Z, with respect to t exists and we have that

yLalZ/] = yLaléy — €] — Lu(Woléy — &1 — L/ (Wo)léeld, (4.13)
where Z," = dZ/dt,
L (Wo)léol = {a'(P, W) iz + C'(P, Wyy) ftyy'} dWy,/dt,
a’ = da(P, X)/oX, ¢’ = 0c(P, X)/0X, and

dWy, _ —a'(P, Wy,) ¢'(P, Wot)g o+ (P, Wy a'(P, Wy
dt t2K(P, Wop) e 'ftyy'K(P’ Wao)

£,5=0. (4.14)

Hence, for all such ¢ € [0, #;) we have that

')’Lh[zt/] = ’}’Lh[§1 - 52] - gh(Wot)[ﬁ — fz] (4-15)
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At = 1, we have that £, .¢(P) = O or &, ,5(P) = 0. If P is not planar with
respect to ftl—it will be semiplanar—then (4.15) remains valid. Hence we
look at the case that §; .«(P) = £, ,5(P) = 0. From (2.15) we have that

')’Lh[Ztl — Zy] = )’Lh[ftl — &) — gh(Woo)[ftl — &l. (4.16)

If Pe 2, is such that &:(P) = &, 5(P) = 0, then £,,:(P) = t£,,:(P) and
&,,5(P) = t£,,5(P) and we obtain (4.16) for all ¢ € [0, 1].

If P e 2, is such that &,,.(P) = 0 but £, 4(P) # 0, then &, ,(P) = t£,+(P)
and there exists #; > 0 such that (¢, &,,5) is in a fixed quadrant for all
t€ [0, t;). Now proceed as in earlier cases observing that (4.14) is valid.

As in the proof of Lemma 6 there exists t;, > 0 such that for all # € [0, #,]

1Z, - Zyi <GP & — &z 4.17)

Now continue as in that proof to obtain (4.17) for all ¢ € [0, 1].
The next result follows the methods of Section 2.

THEOREM 7. If the principal coefficients satisfy the conditions (1), (I1),
and (IV) and if C, << 1, then there exists a unique discrete maximal solution
in %, and a discrete maximal profile in 36,°.

Let Ziy = Z(Z(_py; W(Z(n_py) : P) with Z(y any element of ., . Then, by
Lemma 13, Z,,: and Z,,,; will converge to £,; and &, for all
PeQ, and £ is the maximal solution. If £2.(P) + £54(P) > 0, then
WyZy : P)— W€ : P)as n — oo by Lemma 12. If £2,(P) + £4P) = 0,
then

a(P, Wy(Z(n_vy : P)) Zyy_1y,2(P) — a(P, Wy : P)) £,:(P)
and
a(P, Wo(Z(n_y) : P)) Ziy_1y,5(P) — a(P, Wy(€ : P)) £,5(P) as n— oo

Hence we would have the convergence of Wy(Z,_,) : P) to W€ : P) at all
points where | f(P)| > 0.

An analysis of the differential equation in (1.1) when the conditions (I),
(11), and (IV) are satisfied by the principal coefficients proceeds along lines
similar to that taken in Section 3 with obvious modifications already presented
in this section.

5. SoME NUMERICAL EXAMPLES
Let 2 =(0,1) x (0,1), [4,B] = [n/2,37/2), a(P,X) =1+ esinX,

b(P, X) =0, and ¢(P, X) = 1 with 0 < e < 1. The conditions (I), (II), and
(III) are satisfied.
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Let ¢ = 0.1, « =0, f(P) = —1, and y = 1. Then the hypotheses of
Theorem 1 are satisfied. Choose the mesh size 2 = 0.25. Computations were
performed in double precision on an IBM370-168. The iteration process was
terminated when

I Zasy — Ziw N Ziwaw | < 1075 (5.1)

The scheme converged in eight iterations with the maximal profile given as
the constant function Wy(P) = 3m/2. The corresponding maximal solution
is given in Table I with U;; = U(ih, jh). Due to symmetry we need only list
the values as given. In Table 1 we also give U,;, where Uj; is the solution
corresponding to the profile 37/2 + 8(P’; P) with P’ = (1/2, 1/2). Although
we do not list it in Table I we have compared U;; with all possible solutions
and found that U;; is indeed maximal.

TABLE 1
i j Us; U;;
1 1 0.04523597 0.04514034
1 2 0.05778250 0.05759604
2 i 0.05734908 0.05715252
2 2 0.07400175 0.07342695

We have applied the methods of Theorem 7 to the Eq. (2.1) with
aP,X)=2+sinX,b(P,X)=0,¢c(P,X)=2+cos X,2=(0,1) x (0, 1),
[4, B] = [0,2#] and A = 0.25. When o« = 0 and y = 1 the convergence
criterion in (5.1) was satisfied in nineteen iterations.

In Table II we list the values U;; of the discrete maximal solution and the
values W,;; of a discrete maximal profile.

TABLE II
i J Ui; Wo:s
1 1 0.03343477 3.92698956
1 2 0.04269895 4.16812992
2 1 0.04269895 3.68584919
2 2 0.05478425 3.92698956
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